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Abstract
The origin andthe varioususesof KalmanFiltersare explored in this paper. It

isshown thatKalman Filtersariseasanatural solution to theWienerproblem andcanalso
bederived using Bayes' Rulebutwithstochastic assumptions ontheauxiliary measurement.
Econometric modeling, ARMA modeling and Regression modelling with stochastic
coeffcients are classical applications of Kalman Filters. It is also shown that combining
forecasts can bean additional areaof application of Kalman Filters. TheutilityofKalman
updating is shown to improvethecombined forecasts of theBersales-Mariano CPImodel.

Keywords and phrases: dynamic system, prediction form, filtering form,
statespace representation, auxiliary variable, mean square prediction
error, primary forecasts, combined forecast, serial correlation.

1.' INTRODUCTION

Kalman (1960) viewed a random function of time as an output ofa dynamic system excited by
gaussian noise. The dynamic system is described in terms of a state which contains the necessary
information about the pastbehavior of the system to predictthe futurebehavior. The system considered
takes the form .

X t+1 = J.1 t+1 + <I>t+l.tXt +U t+1

Yt =nt +MtXt +Vt

known as the prediction form and

Xt+1 = J.1t+1 + <I>t+1.tXt +U t+1

Yt+1 :r nt+1 +Mt+IXt+1 +Vt+1

which is known as the filtering form. The vector X
t
ispx 1 andknown as the state vector; cI>t+1 is a pxp

matrix, called the transition matrix; Y
t
is a dxl vector(ds;p), called the auxilliary variable; M:tis a dxp

matrix; U,andV t are the noise components and are oflengthp and d, respectively.

Theclassical example usedinciting theuseof Kalman Filters isintracking satellites. X,canrepresent
the position andspeed of a satellite at time t with respect to a spherical coordinate system with origin at
the center. Note that this can't be measured directly. Y

t
consists of measurements ofdistance from the

satellites and accompanying angles from tracking stationsaround the earth. Information on X I can be
provided for by Y

t
+1in the Kalman set-up. Today, Kalman Filtershas found its way in manyt+areas of

application suchas in engineering problems, quality controland prediction. We add another method --
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combination of forecasts.
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Fig. 1. Kalman Set-up.

Thepaperisarranged asfollows: inSection 2wewill view Kalman Filters asa solution to theWiener
• problem. In Section 3 we introduce howtheKalman set-up lookslike inaBayesian setting. Wemention

insections 4 and 5 some areas of applications ofKalman Filters. Finally we lookat an application of the
Kalman theory in combining forecasts in Sections 6.

2. SOLUTION TO THE WIENER PROBLEM

Consider the vectordifferential system

dX, =F,X, +D,U,
dt

Y, =M,X,

The solution to this.is the Wiener process given by

X'+I = <1>'+I.'X, +U,• Y,=M,X,

Kalman (1960) and laterKalman and Bucy(961) showed that an estimate for Xttl is given by
A • A •

XI+W = <1>1+1"X'H + d, Y,

whose estimation error is given by
A

e,+II' = X'+I - X'+I~

= <1>;+I.,e'H +U,

•
where

cov(el+l~) =P;
.... ~. P·M '[M P·M 1]-1
U, ='VI+I", , " ,

<1>;+1" = <1>1+1" - L1:M,
P,_I = <1>;+I.,P;<1>;+1.,1 +Q 1+1

cov(U,) =Q,

This estimate minimizes the Mean Square Prediction Error (MSPE).

For the Filtering problem the solution is given by
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whose estimation error is given by

where

3. KALMAN SOLUTION VIEWED IN THE BAYESIAN CONTEXT

Consider the same system but with stochastic assumptions on the auxiliary measurements, i.e.,

X t+1 =<I> t+l.tXt + UHI

Y H I =MH1Xt+1 +VH 1

and define Y(t+I) as the linear manifold generated by measurements YI""'Yt+1 . Then

•
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•

•

where £t+1 = Y t+1 - Y(t+I)

Meinhold andSingpurwalla (1983) considered thisapproach to find thesolution obtained byKalman
by assuming that .

. XH1IY(t) - N, (<I>HI.t Xtlt-1> IHI~)
v, - Np(O,R,)

U, - Np(O,QJ

where Xt+1' 1lJt+1 and Vt+l areuncorrelated and

I H lit =<X>HI,tItit <X> HI," +Q t

•
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4. SOME AREAS OF APPLICATION

Wepresent inthissection some popular applications of theKalman Filterinthe modelling context.

Econometric Models

.Consider the reduced form of a simultaneous system of equations given by

Xt+I=Cbt.t+-1 X,+ B,z, + V,

Theinterest lies in the estimation of Xt+I given observations (Z" X,), t =to'...., . Suppose weobtained
an external measurement Y

t
from some survey results or computed from another econometric model, say

of the form
Y, = M,X, +C,W, + V,

Thenwe canuse the Kalman procedure to obtain estimates for Xt+1 .

ARMAModels

Consider the multivariate ARMA model given by

Cb(B)Y, =8(B)e,

where Cb(B) is the multivariate autoregressive polynomial operator and 8(B) the multivariate moving
average operator. Akaike (1974) showed that the problem of identifiability pointed out byQuenouille
(1957) canbe avoided by analyzing the model using

,
8~

YI+1 0 Ip 0 0 Y, Ia• Y1+21t+1 0 0 Ip 0 YI+11t Cb l
= + el+l

Y,+PIt+I <l>p Cb p_1 <I> p-2 <1>1 Y'+P-I~ Cbp_1

or, in more compact form,

XI+1= Cb'+I,IX, + .1e1+1
Y, = (Ip,O)X,

•
Thus, the Kalman filters set-up is a solution to the identifiability problem present in multivariate ARMA
models

Regression Models

Consider the regression model with stochastic parameters given by

P,+1 = Cbt+I,IP, +V,

Y, =X,f3, +8,

This typeof set-up canbeusedto modelstructural changes that may occur in the regression parameters
oyer time.
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The optimal estimate of Pt+1' using the Kalman solution, is thengiven by

P'+I~ =<I>;+I.,il'H + Ji:Y,

5. KALMAN FILTERS IN COMBINING FORECAST

Consider the casewhen the primary forecasts j;<}l and j;<}l aregenerated by twodifferent unknown
models. It was shown empirically byBersales, Mariano and Bonzo(1989) that a better forecast canbe
generated using

where a is an Ordinary Least Squares (OLS) estimate of a. in the regression equation given by

WI+I = a.X'+1 + VI+I (5.1)

Her e W =Y _ ~I) and X - ~I) ~2)
'+1 '+1 J ,+1 1+1 - h+1 - J 1+1

•

•

by
When the combining weights are assumed to be time varying, the combining equation is given

A _ ~~l) _ A. ~2)

/'+1 - ~I+I + (1 0.1+1»),+1 •
Under the assumptions that the forecast errorsare uncorrelated and identically distributed, the solution
is OLS and GLS otherwise.

Kalman filtering canbe applied to this problem by considering the dynamic system given by. .

f'+1 = J.1'+1 + <I>'+I,I/' + ul+I

Y, =n, +M,/, + V,

Hence
A A.

/'+It = J.1I+I + <l>1+1,I/'t-1 +.1,(Y,-n,)

Ji. = <I>:+I,IP,M,
, M 2p·, ,

<1>;+1,1 = <1>'+1,1 - Ji:M,
• • 2 • A 2PI+I =<1>'+1,1 P, + Q, + £1, R,

Consider the casewhen the combined forecasts are serially correlated. Suppose atfollows AR(I),
i.e.,

•

(5.2)

where ut is white noise withvariance a,} and u
t
is uncorrelated with Us and J;i) , i = 1,2,...

..
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Given Yt = {Yl""'~; 11"'" It ,i=1,2} andassumptions

E{Y,) =OVt

E{y,2) =0t2Vt

E{Y,~·) =OVt ~ s

E{Y,u,,> =OVt ~ s

Lj;<!l ,/:}l} isindependent od}? ,}j2) ,j =1,... ,t}.Thenthesystem given by(5.1),witha replaced

by at' and (5.2) will yield
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where

•

..

or,
~2) A (~) ~2)}

Y,+I - ),+1 =a t +1t ),+1 - ),+1

or,

and

6. DATA ANALYSIS

Mariano (1987)usedanestimated price equation which explained thedynamic behavior of monthly
consumer price index (CPI)levels intermsof itsownpastvalues andcost-push anddemand-pull factors.
The following explanatory variables were used:

1. the value of CPI in the two immediately preceding months
2. the legislated minimum wagefor the National Capital Region (WLNANC)
3. the average wholesale posted price of petroleum products as determined bygovernment

policy makers (PMOILD)
4. the interest rate on 91-day treasury bills (Day 91)
5. a black market premium for theU.S.doIlar, measured intermsof theHongkong peso-dollar

banknote rate relative to the official exchange rate
6. a 'peso-denominated price import price index for non-fuels adjusted for tariffs
7. total domestic liquidity relative to real output,withlagged effects extending up to the three

months
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8. a peso-denominated over-all exportpriceindex
9. price ceilings in food items under pricecontrol

OLSusing monthly datafrom January 1972 -March1985 yielded a high coefficient ofdetermination
(99.96%). Furthermore,one-month-ahead forecasts for January 1983 - May 1985 yielded maximum
error of 14.17 and minimum error of 0.20 andMSE of48.75. .

Bersales (1989) considered three quarterly models to generate price forecasts to illustrate how
combining forecasts canimprove poorprimary forecasts. Thepriceequations considered wereasfollows:

(Quarterly Modell) CPI, = PIO + PIIMERBM, + P12 Import,+ »;

(Quarterly Model 2) CPI,= P
20

+ P21WLNANC, + Pn PMOILD,+ Pn Day 91,+ Uu

(Quarterly Model 3) CPI,= PJO + P31MERBM
t
+ P32 IMPORT,+ P33WLNANC, + P34 PMOILD,

+ P3S Day 91,+ U3,

Here, the quarterly Hongkong peso-dollar banknote rate (MERBM) and quarterly data on imports
(IMPORT) wereusedinlieu oftheblack market premium fortheU.S.dollar andimportpriceindex. Note
that the variables considered in the 3 price equations are just subsets of the original variables used by
Mariano, hence poorer forecasts were anticipated. Also, Quarterly Models 1 and 2 are just subsets of
QuarterlyModel 3.It wasshownthatcombining forecasts from QuarterlyModels1and2resultsinabetter
forecast than that of Quarterly Model 3. However, the combined forecasts exhibited serial correlation.

Combination of the quarterly forecasts from Quarterly Model 3 and the aggregate of monthly
forecasts generated by the model

CPI v = Po + PI CPI,,,,.I + P2CPIv.2+ P3PMI,,,,+ u t , s

was done, where CPIt.o = CPI,.1.3

CPIt..1 = CPI,.1.2

The u,. are independent and identically distributed with

cov(U:l"u,,,,) = {a2

,o,
It wasshown that the combined forecasts from thesemodels hassmaller MSEthan that of the Quarterly

.Models 1 and 2.

Thecombined forecasts for thesemodels were re-examined andKalman updating was introduced.
The two models considered were:

(Modell) /'+1 = Ilt+l + <Pt+l.J/' + U'+1

CPI, = n, + M,I, + V,

(Model 2) 0.'+1 =00., + U'+1

CPI, =a.,tl) + (1- a.,)i:2
) + V,

•
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For the combined forecasts of Quarterly Models 1 and 2, Kalman updating produced improved
combined forecasts byusing Models 1and2, butModel 1failed to destroythe serial correlation present
intheforecasts. Thegraphofthe forecasts ofModel2 showsthattheforecasts arecriss-crossing thegraph
ofthe true CPI values: an indication that the problem of serial correlation was solved.

Kalman updating using model 2 alsoproduced improved forecasts for the combined forecasts from
Quarterly Model 3andaggregate monthly model. However, Kalman updating using Modell wasnot that
succesful as was shown bythe MSE. It isworthwhile to note that the use ofModel 2 has dampened the
presence ofthe serial correlations existing between the original combined forecasts. For a listing of the
data used see Bersales (1990).
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NOTES FOR AUTHORS:

1. Two copies (original and duplicate) ofthe manuscript should be submitted. They should be typed
double-spaced and on the side of the paper only with ample margins (at 'east 30 mm) on all
four sides.

2.

3.

4.

,"
4..... 5.
~

The institutional affiliate ofeach author including the postal address should be indicated.

The manuscript should include in the beginning a single paragraph ofthe summary which should
not contain a formula followed by Keywords in alphabetical order.

The corrections are: italics are underlined by a straight line, bold-faced by a wavy line, Greek
by a red line, and script letters are encircled in blue. Graphs, figures and diagrams should be

, drawn expertly in Indian on separate plain white paper roughly twice the size theyare to appear
in print.

All long formulas are to be displayed in separate line and numbered consecutively. However,
short formulas which are included in the text should be written linear form such as (a+b)/(c+d)
instead of a + b .

c+d

6. Subscripts and superscripts should be properly and clearly placed below and above the line. All
symbols are automatically italicized.

7. Abbreviations like d. f, i.i.d., ANOVA, a.e., etc and such special symbols as gshould not be used.

8. Except for tables, footnotes should be avoided.
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9. Unnumbered references (not Bibliography) are to be given at the end ofmanuscript on a separate
sheet. Only authors cited in the main text of the manuscripts are to be listed. The listing should
follow the form followed in this volume. Names (aU in capital letters) or authors first, followed
byyear of'published enclosed in parenthesis ( ), title of the article in ordinary Roman letters with
only the beginning letter in capital and the rest in small letters, and finally, the title of book or
publication (in italics) indicating the first and final page ofthe paper in which the article appear.
References to books should include the page, section or chapter where the matter cited is located.


